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Abstract- -For the partial difference quations 
A(x - a, y) -F A(x, y - b) - A(x, y) + P(x,  y)A(x + T, y + a) = 0 
and 
A(x - a, y) + A(x, y - b) - A(x, y) ~- f (x ,  y, A(x  T •, y + q)) = O, 
we shall obtain sufficient conditions for the oscillation of all solutions of these equations. (~) 2001 
Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Partial difference quations are difference quations that involve functions of two or more in- 
dependent variables [1,2]. Partial difference quations have been posed from various practical 
problems [1,3,4] and in the approximation of solutions of partial differential equations by finite 
difference methods [1,5,6]. 
From the 1980s, the oscillation of solutions of partial differential equations with delay has been 
investigated by many authors (see [7]). Tramov [8], Kreith and Ladas [9], Mishev and Bainov [10] 
started to consider the oscillation for elliptic, parabolic, and hyperbolic partial difference qua- 
tions with delay, respectively. The partial difference quations with delay can be regarded as 
discrete analogues of partial differential equations with delay [1,8,11]. Recently, the qualitative 
analysis of partial difference quations has received much attention, see [1,7,11-19]. 
In this paper, we shall first consider the linear partial difference quation with continuous 
arguments 
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A(x - a,y) + A(x ,y  - b) - A(x,y) + P(x ,y)A(x  + T,y + a) = 0, (1.1) 
where P 6 C(R+x R +, R + \ {0}), a, b, are positive and r > 0, a _> 0. 
A solution A(x, y) of (1.1) is said to be eventually positive if A(x, y) > 0 for all large x and y. 
It is said to be oscillatory if it is neither eventually positive nor eventually negative. 
In Section 2, we shall obtain sufficient conditions for all solutions of (1.1) to be oscillatory. 
In Section 3, we shall consider the oscillations of a class of nonlinear partial difference quations. 
2. EQUATION (1.1) 
The following lemma is obvious. 
LEMMA 2.1. Let A(x, y) be an eventually positive solution of (1.1) and define 
x y 
Z(X,y) = / / A(u,v)dudv. 
x-a y-b 
(2.1) 
Then z(x, y) is positive and increasing in x and y, eventually. 
PROOF. In fact, 
y 
0_.~z # 
= / (A(z, v) - A(x - a, v)) dv > O, 
Ox q$ 
y-b  
eventually. Similarly, we have oz > 0, eventually. 
Set 
Q(x ,y )=min{P(u ,v ) lx -a<u<x,  y-b<v<y}.  
LEMMA 2.2. I f  A(x,y) is an eventually positive solution of (1.1), then z(x,y) is an eventually 
positive solution of the inequality 
z(x - a, y) + z(x, y - b) - z(x, y) + Q(x, y)z(x + r, y + ~) < O. (2.2) 
PROOF. Integrating (1.1), we obtain (2.2). 
Define a set E by 
E = {A > 0 [ 1 - AQ(x, y) > 0, eventually}. 
Clearly, there exist nonnegative integers k and l such that r = ka + 8,a = lb + ~,8 6 [0,a),~ 6 
[0, b). 
THEOREM 2.1. Assume that 
(i) limsupx,v_~oo Q(x,y) > O, 
(ii) r > a, a > b, min(k, l) = ~} > 0, 
(iii) there exist Xo > O, Yo > 0 such that 
sup I I (1  -  Q(x + ia, v + jb)) 
AEE, x>_xo, Y>_Yo j= l  i=1 
Then every solution of (1.1) is oscillatory. 
PROOF. 
a set by 
< 1. (2.3) 
Suppose to the contrary, let A(x, y) be an eventually positive solution of (1.1). Define 
S(z) = {A > 0 [ z(x - a, y) + z(x, y - b) - (1 - AQ(x, y))z(x, y) < O, eventually}. 
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By Lemmas 2.1 and 2.2, we have (2.2). Hence, 
z(x - a, y) -4- z(x, y - b) - z(x, y) q- Q(x, y)z(x, y) 
<_ z(x - a, y) -f z(x, y - b) - z(x, y) -f Q(x, y)z(x q- "r, y -f a) < o, 
which implies that 
z(x - a, y) + z(x, y - b) < (1 - Q(x, y))z(x, y). 
Hence, eventually Q(x, y) < 1. That is, 1 e S(z). S(z) is nonempty. For A E S(z), we have 
eventually 
1 - AQ(x, y) > O, 
which implies that S(z) C_ E. Due to Condition (i), the set E is bounded. Let A E S(z). Then 
we have 
z(x - a, y) <_ (1 - AQ(x, y)) z(x, y), (2.4) 
z(x, y - b) <_ (1 - AQ(x, y)) z(x, y). (2.5) 
From (2.4) and (2.5), we obtain 
k 
z(x, y) <_ I~  (1 - AQ(x + ia, y)) z(x + ka, y) (2.6) 
i=1 
and l 
z(x + ka, y) < I-I (1 - AQ(x + ka, y + jb)) z(x + ka, y + Ib). 
j----I 
From (2.6), we obtain 
k 
zCx, y + jb) < YI (1 - ~Q(~ + i~, y + jb)) z(~ + k~, y + jb). 
i= l  
Hence, by Lemma 2.1 and (2.8), we have 
l 
z(x, y)~ <_ I I  ~(~, Y + jb) 
j= l  
l k 
<- 1I  l'I (1 - ~Q(~ + i~,y +jb)) ~(x + ka, y + zb). 
j----1 i----1 
Similarly, from (2.7), we obtain 
k l 
~(~,y)~  1-I 1-I (1 - XQ(x + i~,y +jb)) ~k(~ + k~,y + Ib). 
i~ l  j----1 
Prom the above inequalities, we obtain 
z(x, y) --- 1-I (1 - iQ(~ + i~, y + ~b)) 
In view of (2.2), we have 
z(x - a, y) + z(x, y - b) - z(x, y) + Q(x, y)z(x + ka, y + lb) <_ 0. 
(2.7) 
(2.8) 
z(x + ka, y + lb). (2.9) 
(2.1o) 
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Substituting (2.9) into equation (2.10), we find 
z(x-a,y)+z(x,y-b) -z(x ,y)  1-Q(x,y)  1-I (1-AQ(x+ia,  y+jb)) SO. (2.11) 
:1  j= l  
Hence, 
sup I ]  1-I (1 - XQ(x + ia, y + jb)) ~ S(z). (2.12) ~ x:>xo, Y~_Yo i :1  j= l  
On the other hand, (2.3) implies that there exists ~ E (0, 1) such that 
sup A 1-I (1 - AQ(x + ia, y + jb)) </3 < 1. (2.13) 
)~EE, x~_xo, Y~_Yo i=l j : l  
In view of (2.12) and (2.13), we obtain 
sup 1-I (1 - AQ(x + ia, y + jb)) > ~ 
x>xo, Y>_Yo i :1  j : l  - -  ~'  
which implies that A/# c S(z). Repeating the above procedure, we conclude that A(1/#) r E S(z), 
r = 1,2, . . . ,  which contradicts the boundedness of S(z). The proof is complete. 
COROLLARY 2.1. If (2.3) iS replaced by 
liminf(i k ) 
x,y-.~ -~E E Q(x+ia'y+jb) > (I÷oL)I-Fc~' 
i=l j= l  
where c~ = max (k, l), then the conclusion o£ Theorem 2.1 remains true. 
PROOF. We see that 
k l k l 
kl - A E E Q(x + ia, y + jb) = E E (1 - AQ(x + ia, y ÷ jb)) 
i=1  j= l  i= l  j= l  
> kl I I (1  - AQ(x ÷ ia, y ÷ jb)) 
i=1 j=l 
Hence, 
1 - -~E E Q(x+ia'y+jb) >- l-I(1 -AQ(x+ia,  y+jb)) 
i=1 j=l i=1 j=l 
Set 
f(a) = a 1 - ~7 Z ~ Q(~ + ia, y + ~b) 
i=1 j= l  
It is easy to see that 
/ (~" 1 E Q(x + ia, y + jb) n~a~f(A) - (1+~-~1+") ~ i=1 j : i  ] 
(2.14) 
(2.15) 
(2.16) 
Combining (2.15) and (2.16), we obtain (2.3). By Theorem 2.1, every solution of (1.1) oscillates. 
The proof is complete. 
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THEOREM 2.2. Assume that 
(i) lim supx,~_~ ~ Q(x, y) > OA, 
(ii) ~/> 0, there exist xo >_ O, Yo >_ 0 such that either if l > k, 
sup A2-k [ki~=l(1-AQ(x+ia, y+ib)) 
AEE, x~xo,  Y~_Yo 
or if l < k, 
sup A2 -L (1 - AQ(x + ia, y + ib)) YI  (1 - AQ(x + ia, y + lb)) 
AEE, x~_xo, Y~_Yo i= l+ l  
Then every solution of (1.11 oscillates. Here 1-I~(') = 1, if i > j. 
PROOF. We only give the proof for the case l < k. The proof for l > k is similar. 
Suppose to the contrary, let A(x,y) be an eventually positive solution of (1.1). 
have (2.111. For ~ • S(z), we have 
z(~ - ~, y) + ~(~, y - b) < (1 - ~Q(x, y)) z(~, y). 
Thus, we obtain 
2z(x, y) < z(x + a, y) + z(x, y + b) < (1 - XQ(x + a, y + b)) z(x + a, y + b). 
Hence, 
l ] 
YI (1 - ~Q(x + ka, y + jb)) < 1, 
j----1Tk 
<1.  
(2.171 
(2.18) 
Then we 
z(x, y) < 1-I (1 - ~Q(x + ia, y + ib)) z(~ + ~a, y + ~b). (2.191 
i----1 
For the case k > l, using (2.6), we obtain 
k 
z(~ + la, y + lb) <_ H (1 - ~Q(~ + i a, y + tb)) z(z + k~, y + lb). (2.201 
j= l+ l 
Combining (2.19) and (2.20), we obtain 
I=ll.~+ 1 (1 l ]-1 z(x+ka, y+lb)>2 ~ -~Q(x+ia ,  y+Ib l )H(1 -~Q(x+ia ,  y+ib)) z(x,y). (2.21 /
i=l  
Substituting (2.21) into (2.10), we obtain 
z(x - a, y) + z(x, y - b) - z(x, y) + Q(x, y)2 t 
(1 - iQ(x  + ia, y + lb)) 1-I (1 - ~Q(x + i~, y + ib)) z(~, y) <_ o, 
i-~l+l i-~l 
for k > l, which implies that 
2 z (1 - ~Q(x + ia, y + lb)) H (1 - }~Q(x + ia, y + ib)) • S(z). (2.22) 
On the other hand, from (2.18), there exists • • (0, 1) such that 
2 ~ (1 - IQ(~ + i~, y + ib)) I I  (1 - IQ(~ + i~, y + zb)) >_ ~, 
i-~ l i----1.f l
which implies that ~/~ • S(z) by (2.22). Repeating the above procedure we obtain that 
~/~r • S(z), r = 1,2, . . . ,  which implies that S(z) is unbounded, which is a contradiction. 
The proof is complete. 
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COROLLARY 2.2. Assume that l iminfx,y-~ Q(x, y) - Q and 
Q > 2-" (1 + (2.23) 
Then every solution of (1.1) is oscillatory. 
In fact, conditions (2.17) and (2.18) imply that 
sup A2-v(1 - AQ)~ < 1. (2.24) 
AEE 
Since max,>0 A(1-AQ)a = aa/(Q(1 + a)l+a),  (2.23)implies that (2.24) holds. By Theorem 2..2, 
every solution of (1.1) is oscillatory. 
Now we consider the case ~ = 0. 
THEOREM 2.3. Assume that T > a, a E [0, b), and limsupx,y__.ooQ(x,y ) > 0. Further assume 
that there exist xo >_ O, Yo >_ 0 such that 
k 
sup )~ y I (1  - AQ(x + ia, y)) < 1. (2.25) 
AEE, x>_xo, Y>_Yo i=1 
Then every solution of (1.1) oscillates. 
PROOF. In this case, we have 
z(x - a, y) + z(x, y - b) - z(x, y) + Q(x, y)z(x + ka, y + a) < O. (2.26) 
On the other hand, we have 
k 
z(x, y) < 1-I (1 - ~Q(x + ia, y)) z(x + ka, y) 
~=1 (2.27) 
k 
<- H (1 - ~Q(x + ia, y)) z(x + ka, y + a). 
i~1 
Combining (2.26) and (2.27), we have 
z (x -a ,y )  + z (x ,y -b ) -  z(x,y) 1-1 - I (1 -~Q(z+ia ,  y)) -1 <_0. 
i=1 
The rest part of the proof is similar to the proof of Theorem 2.1. 
Similarly, we have the following. 
THEOREM 2.4. Assume that T C [0, a), a _> b and l imsupx ,y~Q(x ,y  ) > 0. If.there exist 
xo >_ O, Yo >- 0 such that 
sup 
AEE, x>xo, Y>_Yo 
then every solution o[ (1.1) oscillates. 
We now consider the last case. 
THEOREM 2.5.  Assume that r c [0, a), a E [0, b), 
every solution of (1.1) is oscJllatory. 
l 
1](1 -  Q(x, y + ib)) < 1, 
i=l 
1 - Q(x, y) is not eventually positive. Then 
PROOF. Suppose to the contrary, if A(x, y) is an eventually positive solution of (1.1), then (2.2) 
leads to 
z (x -  a,y) + z (x ,y -  b) - z(x,y)(1 - Q(x,y))  < o. 
Hence, 1 - Q(x, y) > 0 eventually, which contradicts the assumption. 
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COROLLARY 2.3. Assume that T > a, a E [0, b), and 
k kk 1 
liminf ~ ~ Q(x + ia, y) > 
9=1 
Then every solution of (1.1) oscillates. 
COROLLARY 2.4. Assume that T E [0, a),cr _> b and 
l 
lim inf 1 ~,y~ 7 ~ Q(x' y + jb) > 
j= l  
Then every solution of (1.1) is oscillatory. 
( l+k) l+k"  
(1 + l) 1+l" 
Since 
3. OSCILLATION OF NONL INEAR EQUATIONS 
We consider the nonlinear partial difference quation 
A(x - a, y) + A(x, y - b) - A(x, y) + f (x ,  y, A(x + T, y + a)) = O, (3.1) 
where a and b are positive, T > O, a >> O, f (x ,y ,u )  E C(R + × R + × R,R) ,  u f (x ,y ,u )  > 0 for 
u ~ 0, f is nondecreasing in u. 
The following lemmas are useful in proving the main results of this section. 
LEMMA 3.1. Let A(x, y) be an. eventually positive solution of (3.1) and define 1// 
z(x, y) = -~ A(u, v) du dv. (3.2) 
x--a y -b  
Oz Oz > O, ~ > O, eventually. 
Y 
Oz 1 i "  
/ (A(x,v) - A (x -a ,v ) )dv  > O, 
Ox ab 
y-b  
eventually. Similarly, Oz > 0 eventually. 
LEMMA 3.2. Assume that for each (x ,y ) , f (x ,y ,u )  is convex in u for u > 0. _b-hrther, f (x ,y ,u )  
is nonincreasing in x and y for x > 0 and y > O. Let A(x, y) be an eventually positive solution 
of (3.1). Then z(x, y) satisfies the inequality 
z(x - a, y) + z(x, y - b) - z(x, y) + f (x,  y, z(z + T, y + a)) <_ O. (3.3) 
PROOF. From (3.1), we have 
z(x-a,y)+z(x,y-b)-z(x,y)+-~ /(~,v,A(u+~-,v+o))d~dv=O. 
x-a  y -b  
1// 
a--b f (u ,v ,A(u+~' ,v+a) )dudv  > -~ f (x ,y ,A(u+T,V+a) )dudv  
x- -a  y -b  x -a  y -b  
and Jensen's inequality we have (3.3). 
Clearly, there exist nonnegative integers k and I such that 7 = ka+0, a = lb+~, 0 e [0, a), ( c 
[0, b). 
Then z(x, y) > O, 
PROOF. In fact, 
The above two corollaries are from Theorems 2.3 and 2.4, respectively. 
EXAMPLE 2.1. Consider the partial difference quation 
A(x - I ,y )+A(x ,y -1 ) -A(x ,y )+e- I (2 -e -1 )A(z+2,  y+I ) - -O .  (2.28) 
Clearly, (2.14) holds. By Corollary 2.1, every solution of (2.28) is oscillatory. In fact, A(x, y) = 
e y sin 7rx is such a solution. 
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THEOREM 3.1. Assume that 
(i) l iminfx,y,u- - .oo(f (z ,y,u) /u)  = S, 
(ii) for each (x ,y ) , f (x ,y ,u )  is convex in u for u >_ 0 and concave in u for u < O, and f is 
nondecreasing in u, f is nonincreasing in x and y for x > 0 and y > O, 
(iii) one of the following conditions holds: 
S > 2n(1 + ~/)t+,, if~} = min(k,/)  > 0, (3.4) 
k k 
S> f fk>0,  l=0 ,  (3.5) 
(1 + k) l+k' 
I l 
S> (i+i)i+[, ilk=O, />0, (3.6) 
S > 1, i f  k = l = 0. (3.7) 
Then every solution of (3.1) oscillates. 
PROOF. Suppose to the contrary, let A(x ,y )  be an eventually positive solution of (3.1). By 
Lemma 3.1, we have limx,u-~oo z (x ,y )  = d. If d is finite, letting x ,y  ~ oo in (3.3), we obtain a 
contradiction. Therefore, d = oo. From (3.3), we have 
- z (x -a ,y )+z(x ,y -b )  _1= 2z(x a ,y -b )  _ l < f(x, y, z(~ + ~, y + o)) 
For the case z /> 0, we have f (x ,  y, z (x  + ka, y + lb)) < f (x ,  y, z (x  + % y + a)). Hence, 
2z(x - a, y - b) 
-1< z(~,y) z(x,y) 
f (x ,  y, z (x  + ka, y + lb)) 
Let 
The above inequality leads to 
z(x,y) 
w(x,  y) = z (x  - a, y - b) > 1. 
w(z ,  y) < 1 - ] (x ,  y, z (x  + 7In, y + 75)) 
z (x  + ~la, y + 7}b) i=1 
which implies that  w(x,  y) is bounded. Let w = lim infx,y--.oo w(x,  y). Then w 6 [1, oc) and 
f (x ,  y, z (x  + ~la, y + ~?b)) n 
2+ z(x +~a,y+~b) 1]~(x + ia'Y + ~bl~(~'Y) < ~(x,y). 
i=1  
Taking the inferior limit on both sides of the above inequality, we obtain 
2 + Sw n+l <_ w. 
Hence, 
w-2  w-2  ,r/n 
s < w-i-~- < max = 
- -  - -  W>2 02 I+7/ 2n(1 ~- ?~) l+v/ '  
which contradicts (3.4). 
For the case k > 0, l = 0, (3.3) leads to 
z(x  - a, y) + z(x,  y - b) - z(x,  y) + f (x ,  y, z (x  + ka, y)) ~_ O. 
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Hence, 
Let 
z(x - a, y) + z(x, y - b) _ i + f(x ,  y, z(x + ka, y)) <_ O. (3.8) 
z(x,y)  z(x ,y)  
Equation (3.8) leads to 
1 
z(~,y) 
~(~' Y) - z(x - a, y) > 1. 
f (x ,  y, z(x + ka, y)) k 
+ z(x + ka, y) 1-I ~(~ + ia, y) < 1. 
i=1 
Taking the inferior limits on the above inequality, we obtain 
1 + Sw l+k < w. 
Hence, 
w - 1 k k 
S< ~ ~ ( l+k)  '+k' 
which contradicts (3.5). Similarly, (3.6) is true. 
For the last case that k = l = 0, (3.3) leads to 
z(x - a, y) + z(z, y - b) - z(x, y) + f (x ,  y, z(x, y)) < O. 
Similar to the above proof, we can prove that (3.7) leads a contradiction. The proof is complete. 
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